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We consider a 3-dimensional (3D) non-Hermitian exceptional line semimetal model and take open
boundary conditions in x, y, and z directions separately. In each case, we calculate the parameter
regions where the bulk-boundary correspondence is broken. The breakdown of the bulk-boundary
correspondence is manifested by the deviation from unit circles of generalized Brillouin zones (GBZ)
and the discrepancy between spectra calculated with open boundary conditions (OBC) and periodic
boundary conditions (PBC). The consistency between OBC and PBC spectra can be recovered if the
PBC spectra are calculated with GBZs. We use both unit-circle Brillouin zones (BZ) and GBZs
to plot the topological phase diagrams. The systematic analysis about the differences between the
two phase diagrams suggests that it is necessary to use GBZ to characterize the bulk-boundary
correspondence of non-Hermitian models.
I. INTRODUCTION
The Hamiltonians in standard quantum mechanics
are required to be Hermitian1. Over the past two
decades, topological properties of Hermitian systems
have been studied intensively2–4, such as topological
insulators2,5–8, topological superconductors3,9–11 and
topological semimetals12–15. Non-zero topological invari-
ants always require the existence of corresponding bound-
ary states. This fact is known to be the distinguished
bulk-boundary correspondence in Hermitian systems16.
Recently, the study of topological states has been ex-
tended to non-Hermitian systems17–36. Except those with
PT symmetry37, the eigenvalues of non-Hermitian Hamil-
tonians, including open systems38–41, systems with gain
and loss42–64, and interacting electron systems where the
self-energy introduced by interactions is treated as non-
Hermitian terms65,66, are generally not real. The complex
eigenvalues result in novel properties in non-Hermitian
systems like exceptional points and enriched topological
classifications22,67–74.
One interesting property in non-Hermitian systems is
the skin effect23,75–79 which states that all the eigenstates
with open boundary conditions (OBC) can be localized
at one side of the lattice. Unlike the extended Bloch
states in Hermitian cases18, the emergence of these skin
modes in non-Hermitian cases indicates the breakdown
of the bulk-boundary correspondence. A theorem has
been proposed to determine whether there are skin modes
and whether the bulk-boundary correspondence of a non-
Hermitian system is broken80. It claims that the nonzero
winding number of periodic boundary conditions (PBC)
spectrum νE with respect to any reference energy Eb on
the complex energy plane requires the existence of skin
modes in corresponding OBC system, and vice versa80.
It has also been suggested that the bulk-boundary corre-
spondence in non-Hermitian systems may be captured by
using generalized Brillouin zones (GBZ)s instead of the
normal Brillouin zones18.
In the GBZ approach, recovering the bulk-boundary cor-
respondence is achieved by extending Bloch wave vector k
to the complex plane18. A systematic procedure has been
proposed to calculate GBZ numerically80,81. Specifically,
the GBZ can be obtained by solving the characteristic
equation det[H(β)−E] = 0. If det[H(β)−E] is an irre-
ducible algebraic polynomial of E and β, the condition
|βp| = |βp+1| can lead to the GBZ, where p is the order
of the pole of the characteristic equation. On the basis
of GBZ, the winding number w is redefined in appendix
A. With the redefined winding number, the parameter
region corresponding to edge modes can be predicted18,81.
More details about this method is attached in Appendix
A. Except the numerical method mentioned above, there
is an analytic method that can give the explicit expression
of GBZs. Algebraic GBZ equation can be translated to
a geometric condition by defining auxiliary generalized
Brillouin zones (aGBZ)82. The aGBZs are calculated
analytically with the help of the mathematical concept
“resultant”. We can obtain the real GBZ from aGBZs with
the condition |βp| = |βp+1|. The details of this analytic
method are given in Appendix B.
A non-Hermitian generalization of nodal line semimetal
is called exceptional line semimetal, which can exhibit
properties absent in the Hermitian case83–86. For example,
topological properties in Hermitian nodal line semimetals
are protected by symmetries14, while non-Hermitian nodal
line semimetals are not. The latter also exhibits Hopf-link
exceptional lines in certain parameter regions87. The bulk-
boundary correspondence and the corresponding GBZ
approach has been well studied for 1D non-Hermitian
models. However, there is not much study about 3D
models. Based on these motivations, in this paper we will
take OBC in x, y, and z directions separately to study
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2the bulk-boundary correspondence of 3D non-Hermitian
Hopf-link exceptional line semimetals.
The paper is organized as follows. In section II, we in-
troduce the exceptional line semimetal models. In section
III, we study the non-Hermitian semimetal model with
OBC in z direction. We derive the analytic expression
of the GBZs and give the parameter regions where the
bulk-boundary correspondence is broken. We manifest
the breakdown of the bulk-boundary correspondence by
showing the deviation from unit circles of the GBZs and
the discrepancy between spectra calculated with OBC
and PBC. We also point out that the consistency be-
tween OBC and PBC spectra can be recovered if the
PBC spectra are calculated with GBZs. Finally, we plot
the topological phase diagrams calculated with both unit-
circle Brillouin zones (BZs) and GBZs and discuss the
reasons for the differences between the two phase dia-
grams. In section IV and section V, we study similar
properties of this model with OBC in y and x directions
separately. Finally, we summarize the main results and
discuss open problems in section VI.
II. MODEL
First, we consider the following Hermitian model de-
scribing nodal line semimetals87:
H0(k) = (cos kx + cos ky + cos kz −m)σx + sin kzσy, (1)
where m = 218 . Considering the OBC in z direction, we
can write the Hamiltonian as
H(kz) = (cos kz + f0)σx + sin kzσy, (2)
where f0 = −m + cos kx + cos ky. We diagonalize the
Hamiltonian to obtain the PBC energy spectrum and
write down the corresponding Hamiltonian in real space
to calculate the OBC energy spectrum.
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FIG. 1: Bulk-boundary correspondence of Hermitian nodal
line semimetal. The left subfigure is the phase diagram, in
which the pink region represents topological nontrivial phase
(w = 1). The right subfigure presents the PBC and OBC
spectrum |E| − kx for ky = 0 and ky = 0.5.
For convenience, we fix ky = 0 and ky = 0.5 to study
|E| − kx relation. Since the Hamiltonian has the chiral
(a) (b)
(c) (d)
projected in x direction
projected in y direction projected in z direction
FIG. 2: The Fermi surface of the non-Hermitian exceptional
line semimetal model: (a) The Fermi surface is colored in blue.
The red lines are its boundaries that form a Hopf link; (b)
The projection of the Fermi surface in x direction as two red
crossed lines; (c) The projection of the boundary of the Fermi
surface in y direction as two closed curves; (d) The projection
of the boundary of the Fermi surface in z direction as two
closed curves.
symmetry, its eigenvalues have (E,−E) pairs. So we only
need to plot the |E| − kx relation. Shown in Fig.1, when
ky = 0 and ky = 0.5, the PBC spectrum is consistent with
OBC spectrum. This shows the bulk-boundary correspon-
dence in this Hermitian model. We also plot the phase
diagram, in which the pink region represents topological
nontrivial region with the drumhead surface states, and
the rest region represents trivial phase. The boundary of
the topological nontrivial phase is determined by the gap-
closing condition. It is easy to verify that the boundary
is: cos kx + cos ky =
13
8 .
Now we add non-Hermitian terms to the Hermitian
nodal line semimetal model to generate non-Hermitian
semimetals:
H = (cos kz −m+ cos kx + cos ky)σx
+ sin kzσy + fxσx + fyσy,
(3)
where fx =
i
2 sin ky, fy =
i
2 sin kx, and m =
21
8 . We don’t
add terms that contain σz in order to preserve the chiral
symmetry.
After diagonalizing the Hamiltonian, we can obtain the
eigenvalue equation, i.e. the PBC spectrum
E2 = (cos kz − 21
8
+ cos kx + cos ky+
i
2
sin ky)
2 + (sin kz +
i
2
sin kx)
2.
(4)
3By definition, the Fermi surface of this system requires
Re[E(k)] = 0, which implies Re[E2] < 0 and Im[E2] = 0.
Thus, the boundary of Fermi surface is Re[E2] = 0 and
Im[E2] = 0. The boundary of the Fermi surface is given
by sin kz sin kx + (cos kz − 218 + cos kx + cos ky) sin ky = 0
and (sin kz)
2− 14 (sin kx)2+(cos kz− 218 +cos kx+cos ky)2−
(sin ky)
2 = 0, which is shown in Fig. 2(a).
We find that the Fermi surface is a 2D twisting surface.
In Fig. 2(a), the Fermi surface is colored in blue. The
boundaries of the Fermi surface are two closed curves
colored in red, which form the Hopf-link exceptional lines.
We project it in x, y, and z directions to fully present the
Fermi surface. As is shown in Fig. 2(b), the projection
of the Fermi surface boundary in x direction consists of
two crossed lines. However, both the projections of Fermi
surface boundary in y and z directions are two closed
curves, as shown in Fig. 2(c) and Fig. 2(d) separately.
Next we study the bulk-boundary correspondence of the
non-Hermitian semimetal model with OBC in z direction,
y direction, and x direction one by one.
III. OPEN BOUNDARY IN Z DIRECTION
The Hamiltonian for the non-Hermitian semimetal
model with open boundary in z direction is:
H(kz) = (cos kz − i sin kz + pz+)σ+
2
+ (cos kz + i sin kz + pz−)
σ−
2
,
(5)
in which pz± = cos kx + cos ky −m+ i2 sin ky ± 12 sin kx,
σ± = σx ± iσy, m = 21/8. The PBC spectra are given by
Eq. (4), where kx and ky are variable parameters when
we open boundary in z direction. The OBC spectra can
be obtained from the eigenvalues of the corresponding
Hamiltonian as discussed in Appendix (C).
First, we derive the explicit expression of GBZ and
give the parameter region where the bulk-boundary cor-
respondence is broken. Given the matrix form of the real-
space Hamiltonian, we can write down the Schro¨dinger
equation in real space: ψB,n−1 + (f0 + ifx + fy)ψB,n =
EψA,n and (f0 + ifx − fy)ψA,n + ψA,n+1 = EψB,n.
The solution has the form (ψA,n, ψB,n) = βz,n(ψA, ψB).
The characteristic equation of this model is given by
[(f0 + ifx + fy)βz + 1][βz + (f0 + ifx − fy)] = E2βz. The
continuum bands condition requires that |βz1| = |βz2|.
Applying Vieta’s theorem, we have
|βz| =
√
|f0 + ifx − fy
f0 + ifx + fy
|. (6)
Since fy =
1
2 sin kx, |βz| = 1 if and only if kx = 0. Here
we don’t consider the case where kx = pi. Thus, the
bulk-boundary correspondence is preserved for kx = 0
but broken for kx 6= 0.
Next, we present the breakdown of the bulk-boundary
correspondence by showing the deviation from unit cir-
cles of the GBZs and the discrepancy between PBC
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FIG. 3: The non-Hermitian exceptional line semimetal model
with open boundary in z direction: (a) the significant differ-
ences between PBC and OBC spectra; (b) GBZs calculated
with numerical method (black dots) and analytic methods
(red circle); (c) the comparison of PBC and OBC spectra
(kz = 0). here the PBC spectra are calculated with GBZs;
(d) the unit-circle BZ phase diagram calculated with PBC
and unit-circle BZ; the winding numbers are labelled in each
region; the two red closed curves cross the line ky = 0 at 4
points: kx = −1.44,−0.51, 0.51, 1.44. (e) w − kx plotted with
ky = 0; the range of kx corresponding to w = 1 in Fig. 3(e) is
the same as the range of kx corresponding to zero modes in
Fig. 3(c); (f) the GBZ phase diagram with labelled winding
number; the pink region corresponds to nontrivial phase with
w = 1, and the rest region is trivial phase with w = 0; the
red exceptional line crosses the line ky = 0 at (−1.00, 0) and
(1.00, 0); the phase boundaries of unit-circle BZ phase diagram
in Fig. 3(d) are drawn as blue dashed lines, which cross the
GBZ phase boundary at K and K′ points.
spectra and OBC spectra. As an example, we fix
kx = arccos 0.6 ≈ 0.93, ky = arccos 0.8 ≈ 0.64 and cal-
culate the OBC spectrum. We choose these parameters
because it is convenient to apply the analytic method in
Ref.82 to calculate GBZ at these parameters. Substituting
the OBC spectrum into the characteristic equation and
applying the continuum bands condition |βz1| = |βz2|,
the trajectory of βz1 and βz2 leads to the GBZ shown as
discrete black dots in Fig. 3(b). The red circle in Fig.
3(b) is the analytic result of GBZ with explicit expression:
(Reβz)
2 + (Imβz)
2 =
√
4369
1233 . The result is consistent
with the numerical one. As we expect, the GBZ is not
a unit-circle and the bulk-boundary correspondence is
4broken when we take kx = 0.93 6= 0. Furthermore, we
fix ky = 0 and calculate the |E| − kx relations with PBC
and OBC. As shown in Fig. 3(a), when kx 6= 0, there is
significant discrepancy between PBC and OBC spectra,
implying the existence of the breakdown of bulk-boundary
correspondence. However, as shown in Fig. 3(c), if we sub-
stitute eikz → βz, the PBC spectra are consistent with the
OBC spectra. Namely, the introduction of GBZ recovers
the bulk-boundary correspondence in this non-Hermitian
model.
We then calculate the topological phase diagrams.
When we use a unit-circle Brillouin zone, the gap closing
condition |E| = 0 of Eq. (4) requires both the real part
and imaginary part of E to be 0, leading to two equations:
cos kz+f0∓fy = 0 and fx±sin kz = 0. The two equations
together give rise to f2x + (f0 ∓ fy)2 = 1, which are the
red exceptional lines shown in Fig. 3(d). To specify the
topological property of the rest region in kx − ky plane,
we calculate winding numbers and label them in each
region. The unit-circle BZ phase diagram is the same as
the projection of the Fermi surface in z direction shown
in Fig. 2(d). This is easy to understand, because both
the two diagrams are calculated with PBC and unit-circle
BZs. To calculate the GBZ phase diagram, we substitute
eikz with βz into Eq. (4). The gap-closing condition gives
rise to (f20 + f
2
x − f2y )2 + 4f2xf2y = 1, as shown in Fig. 3(f)
where the topological nontrivial and trivial phases are
indicated in the pink and white regions respectively. To
compare the two phase diagrams, the phase boundaries
of unit-circle BZ phase diagram in Fig. 3(d) are drawn
as blue dashed curves in Fig. 3(f), which intersect with
the GBZ phase boundary at K and K′ points. Fig. 3(e)
shows the w − kx relation with ky = 0. The range of kx
corresponding to w = 1 in Fig. 3(e) is consistent with the
range of kx for zero modes of OBC spectrum in Fig. 3(c).
Thus, we can conclude that GBZ phase diagram gives the
correct bulk-boundary correspondence.
Next, we explain the differences between the phase
boundaries of the two phase diagrams. The phase bound-
aries in both two phase diagrams are calculated from the
gap-closing condition of the characteristic equation:
E2 = (
1
2
(βz +
1
βz
)−m+ cos kx + cos ky+
i
2
sin ky)
2 + (
1
2i
(βz − 1
βz
) +
i
2
sin kx)
2.
(7)
The difference is that the constraint |βz| = 1 is applied
to calculate the phase boundary in unit-circle BZ phase
diagram while the constraint |βz1| = |βz2| is applied to
obtain the phase boundary in GBZ phase diagram. When
we take |βz| = 1, the characteristic equation becomes Eq.
(4). This characteristic equation leads to the unit-circle
BZ phase diagram. However, when we take |βz1| = |βz2|,
the gap-closing condition of the characteristic equation
leads to |βz| =
√
| f0+ifx−fyf0+ifx+fy |. In general, we don’t have
|βz| = 1. This is the origin of the differences between the
phase boundaries of the two phase diagrams. However, if
the constraint |βz1| = |βz2| leads to |βz1| = |βz2| = 1 at
some parameters, the characteristic equation will also be
Eq. (4). It means that the phase boundaries of unit-circle
BZ phase diagram and GBZ phase diagram will intersect
at these parameters. In our model, as |βz| =
√
| f0+ifx−fyf0+ifx+fy |
and fy =
1
2 sin kx, the phase boundaries of the two phase
diagrams will intersect at points where kx = 0. This is
clearly shown in Fig. 3(f), where the two phase boundaries
cross at K and K′ points on the line kx = 0.
We may also notice that there exists ω = 1/2 region in
the unit-circle BZ phase diagram Fig. 3(d). The ω = 1/2
region vanishes in the GBZ phase diagram Fig. 3(f).
According to appendix A, for a two band model H =
R+(β)σ++R−(β)σ− with chiral symmetry, the definition
of the eigenstate winding number is ω = (ω+−ω−)/2. ω+
is the winding number of R+(β), and ω− is the winding
number of R−(β) when β goes along the GBZ Cβ . We
can get ω = 1/2 if we choose proper parameters. When
we take OBC in z direction of our model Eq. (1) and
take the parameters kx = 1.0 and ky = 0.2 in Eq. (4),
we have ω+ = 1 and ω− = 0, giving rise to ω = 1/2. For
non-Hermitian systems, we can also define the eigenvalue
winding number: ωE = (ω+ + ω−)/2. As is shown in
Ref.80, for OBC spectra and GBZ spectra, we have ωE = 0,
indicating that ω+ = −ω−. Thus, ωS = (ω+ − ω−)/2 ∈
Z, and the ωS = 1/2 region will vanish in GBZ phase
diagram.
IV. OPEN BOUNDARY IN Y DIRECTION
The Hamiltonian for the non-Hermitian semimetal
model with open boundary in y direction is:
H(ky) = (cos ky +
i
2
sin ky + py+)
σ+
2
+ (cos ky +
i
2
sin ky + py−)
σ−
2
,
(8)
in which py± = cos kx + cos kz −m ∓ i sin kz ± 12 sin kx,
m = 218 . The PBC spectra are given by Eq. (4), where kx
and kz are variable parameters when we open boundary
in y direction. Besides, we can obtain OBC spectrum by
diagonalizing the corresponding real-space Hamiltonian
shown in Appendix(C2).
First, we derive the expression of GBZs and determine
the parameter region where the bulk-boundary correspon-
dence is broken. To calculate the GBZs, we substitute
eiky in Eq. (4) with βy and write down the characteristic
equation:
E2 = (
3
4
βy + t1 +
1
4βy
)2 + t2
2, (9)
where t1 = cos kz −m+ cos kx, t2 = sin kz + i2 sin kx, and
m = 218 . t1 and t2 are independent of βy. Then according
to Vieta’s theorem, the 4 solutions have the relation
|βa||βb| = 13 and |βc||βd| = 13 . Thus, the continuum band
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FIG. 4: The non-Hermitian nodal line semimetal model with
open boundary in y direction: (a) the circle GBZ with r = 1√
3
when we take kx =
pi
3
, kz = 0; (b) the circle GBZ with r =
1√
3
when we take kx = 0.93, kz = 0.64; (c) the discrepancy between
PBC and OBC spectra with kz = 0 implies that the bulk-
boundary correspondence is broken; (d) the boundaries of the
PBC phase diagram are two red exceptional lines, intersecting
the line kz = 0 at kx = −1.44,−0.51, 0.51, 1.44; (e) the OBC
spectrum is consistent with PBC spectrum calculated with
GBZ; (f) the phase diagram calculated with GBZ; the red line
kz = 0, kx ∈ (−1.29, 1.29) is the exceptional line, and the rest
region corresponds to the topological trivial phase; the blue
dashed lines are the phase boundaries of the unit-circle BZ
phase diagram in Fig. 4(d), intersecting the red exceptional
line at P and P′.
condition |βy2| = |βy3| requires that |βy2| = |βy3| = 1√3 .
It means that the GBZ is a circle with r = 1√
3
≈ 0.577,
which is independent of kx and kz. We then conclude
that the bulk boundary correspondence is broken in this
case for any parameters in kx − kz plane.
Next, we manifest the breakdown of the bulk-boundary
correspondence by showing the deviation from unit circles
of GBZs and the significant differences between PBC
and OBC spectra. For example, we calculate the OBC
spectra with parameters kx =
pi
3 , kz = 0, and substitute
the spectra into the characteristic equation Eq. (9). The
condition |βy2| = |βy3| leads to numerical GBZ shown as
black dots in Fig. 4(a). The analytic method in Ref.82
also gives a GBZ. The analytic expression of the GBZ
is x2 + y2 = 13 , which is plotted as a red circle in Fig.
4(a). It is consistent with the numerical result shown in
Fig. 4(a). When we take kx = 0.93, kz = 0.64, we will
obtain the circle GBZ with r = 1√
3
shown in Fig. 4(b).
These results support the fact that the bulk-boundary
correspondence is broken for any parameters in the kx−kz
plane. To compare the PBC and OBC spectra, we study
the |E| − kx relation for kz = 0. The result is shown
in Fig. 4(c). The PBC spectra are quite different from
OBC ones, indicating the breakdown of bulk-boundary
correspondence. However, if we apply the transformation
eiky → βy = 1√3eiθ, the PBC spectra become E2 =
(cos kz − 21/8 + cos kx +
√
3
2 cos θ)
2 + (sin kz + i sin kx/2)
2.
The comparison between the OBC spectra and the new
PBC spectra calculated with GBZ is shown in Fig. 4(e).
Obviously, the introduction of GBZ in the calculation of
PBC spectra recovers the consistency between the PBC
and OBC spectra.
The topological phase diagrams can be calculated by
applying the gap-closing condition. To obtain the unit-
circle BZ phase diagram, we assume that |βy = 1|. The
gap closing condition of PBC spectra Eq. (4) gives red
exceptional lines in Fig. 4(d): 4(sin kz)
2 + (cos kx ±
1
2 sin kx + cos kz − 218 )2 = 1. The winding numbers are
labelled in each region in Fig. 4(d). This phase diagram
shows little difference from the projection of Fermi surface
in y direction Fig. 2(c). To get the GBZ topological phase
diagram, we substitute eiky with 1√
3
eiθ in Eq. (4), the gap
closing condition leads to the phase diagram shown in Fig.
4(f). The parameter region for the red exceptional line is
kz = 0, kx ∈ (−1.29, 1.29), and the rest region represents
topological trivial phase. To show the difference between
the two phase diagrams, the phase boundary of the unit-
circle BZ phase diagram is shown as blue dashed curves
in Fig. 4(f), which intersect with the red exceptional line
of GBZ phase diagram at P and P′ points.
We then analyze the differences between the phase
boundaries of the two phase diagrams. The phase bound-
aries of both the two phase diagrams are calculated with
the gap-closing condition of the characteristic equation
Eq. (9). To determine the phase boundary of the GBZ
phase diagram, we use the constraint |βy2| = |βy3| to
solve the characteristic equation with E = 0. The result
is |βy2| = |βy3| = 1√3 6= 1. Thus, we expect that GBZ
phase boundary is different from unit-circle BZ phase
diagram. However, we notice that the phase boundaries
of the two phase diagrams intersect at P and P′ points.
In open boundary in z direction case, the characteris-
tic equation is a quadratic equation. |βz1| = |βz2| = 1
leads to the intersecting between the phase boundaries of
the two phase diagrams, and vice versa. When there is
intersecting between the two phase boundaries at some
points, we have |βz1| = |βz2|, and at least one of the
solutions satisfy |βz| = 1, leading to |βz1| = |βz2| = 1.
Nonetheless, it is not the case when we open boundary
in y direction. The characteristic equation Eq. (9) is
a quartic equation. |βy2| = |βy3| = 1 still leads to the
intersecting between the phase boundaries of the two
phase diagrams. However, because the characteristic
6equation has four solutions, at the intersecting points
the two conditions |βy2| = |βy3| and the existence of
solution satisfying |βy| = 1 do not necessarily lead to
|βy2| = |βy3| = 1. In fact, at P′ point (kx, kz) = (0.514, 0)
the characteristic equation Eq. (9) with E = 0 gives solu-
tions: β1 = 1, β2 = 0.34 + i0.47, β3 = 0.34− i0.47, β4 = 13
and |β1| = 1, |β2| = 1√3 , |β3| = 1√3 , |β4| = 13 . At the inter-
secting point P′ the condition |βy2| = |βy3| is satisfied by
the second and third solution, while |βy1| = 1 is satisfied
by the first solution. This is the reason why the two phase
boundaries intersect at P and P′ points even if at the two
points we have |βy2| = |βy3| 6= 1.
We find that there is a significant difference between
y and z open boundary cases. The exceptional line in
the GBZ phase diagram in z open boundary case encloses
finite area, while the exceptional line in the GBZ phase
diagram in y open boundary case is an open arc with zero
area. In fact, the behavior of exceptional lines and Fermi
surfaces is highly dependent of the concrete property of
the non-Hermitian models. When we take open boundary
condition in z direction, we get 1D model Eq. (5). We
can calculate the OBC spectrum, finding that there are
zero modes. The parameter region corresponding to zero
modes is consistent with ω = 1 region in GBZ phase dia-
gram Fig. 3(f). Thus, the exceptional line changes from
two intersecting closed curves in unit-circle BZ phase dia-
gram into a closed curve enclosing topological nontrivial
region in GBZ phase diagram. We also open boundary
in y direction to get 1D model Eq. (8) and calculate
the OBC spectrum. However, we cannot find zero modes
corresponding to topological nontrivial states. Thus, dif-
ferent from z open boundary case, the exceptional line
in y open boundary case collapses into an open arc and
doesn’t enclose topological nontrivial region with finite
area.
V. OPEN BOUNDARY IN X DIRECTION
The Hamiltonian of the non-Hermitian exceptional line
semimetal model with OBC in x direction is:
H(kx) = (cos kx +
1
2
sin kx + px+)
σ+
2
+ (cos kx − 1
2
sin kx + px−)
σ−
2
,
(10)
in which px± = cos ky + cos kz −m + i2 sin ky ∓ i sin kz,
and m = 218 . The PBC spectra are given by Eq. (4),
where ky and kz are variable parameters when we open
boundary in x direction. OBC spectra are calculated
from the corresponding real-space OBC Hamiltonians in
Appendix (C3).
First, we calculate the GBZs and give the parameter
region where the bulk-boundary correspondence is broken.
To calculate GBZs, we substitute eikx with βx in Eq. (4)
to obtain the characteristic equation:
E2 = (
1
2
(βx +
1
βx
) + cos kz − 21/8 + cos ky+
i
2
sin ky)
2 + (
1
4
(βx − 1
βx
) + sin kz)
2,
(11)
The structure of this characteristic equation is more com-
plex than the above two cases with open boundary in z
and y directions. But we can still get the analytic ex-
pression of GBZs when we take kz = 0. With kz = 0,
the characteristic equation Eq. (11) is invariant under
the transformation βx → 1βx . Thus, if βx is a solution
of the equation, 1βx is also a solution. Without loss of
generality, we suppose that there are four solutions to
the equation: β1, β2,
1
β1
, 1β2 , and |β1| ≤ |β2| ≤ 1. The
ordering of the moduli of βs is |β1| ≤ |β2| ≤ | 1β2 | ≤ | 1β1 |.
Thus, the continuum band condition |β2| = |β3| requires
that |β2| = | 1β2 | = 1. Thus, the Brillouin zone is a unit
circle if kz = 0. There is no analytic expression of GBZ if
kz 6= 0. However, we can use the theorem in Ref.80 to ver-
ify whether the bulk-boundary correspondence is broken.
We find that for kz = 0 the PBC spectra in ReE − ImE
plane have winding number νE = 0 with respect to any
reference point in the complex energy plane, while for
kz 6= 0 all the PBC spectra have winding number νE 6= 0.
According to the theorem in Ref.80, we can conclude that
the bulk-boundary correspondence is preserved for kz = 0
but broken for kz 6= 0.
Next, we show the breakdown of the bulk-boundary
correspondence by GBZs and the discrepancy between
PBC and OBC spectra. We take ky = 0.93 and kz = 0 and
calculate the OBC spectrum. Substituting the spectrum
into the characteristic equation Eq. (11), the continuum
band condition |βx2| = |βx3| leads to a unit circle GBZ
as shown in Fig. 5(a). We also take ky = 0.93, kz = 0.64.
The corresponding GBZ is not a unit circle as shown
in Fig. 5(b). The two results are consistent with the
previous conclusion that the GBZ is a unit circle if kz = 0
but is not a unit circle if kz 6= 0. Then we study the
|E| − ky relation with kz = 0.35. As is shown in Fig.
5(c), the differences between PBC and OBC spectra show
the breakdown of the bulk-boundary correspondence for
kz 6= 0.
Then we calculate the topological phase diagrams.
To calculate the unit-circle BZ phase diagram, we as-
sume that the Brillouin zone is a unit circle . The
gap-closing condition leads to cos ky + cos kz > 1.51 and
sin kz = ± 12 sin ky, which are two red exceptional lines
shown in Fig. 5(d). The rest region is trivial phase with
w = 0. This phase diagram is the same as the projec-
tion of Fermi surface in x direction shown in Fig. 2(b).
Furthermore, we calculate the GBZ phase diagram. The
gap-closing condition of the characteristic equation Eq.
(11) and continuum band condition |βx2| = |βx3| also lead
to cos ky + cos kz > 1.51 and sin kz = ± 12 sin ky. The
GBZ phase diagram is shown in Fig. 5(f). To compare
the two phase diagrams, we plot the exceptional lines of
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FIG. 5: The non-Hermitian nodal line semimetal model with
open boundary in x direction: (a) the unit circle GBZ with
ky = 0.93, kz = 0 from both numerical results (black dots)
and analytic results (red closed lines); (b) the GBZ with
ky = 0.93, kz = 0.64, which is not a unit circle. (c) the
comparison between the PBC and OBC spectra with kz = 0.35;
(d) the unit-circle BZ topological phase diagram with the end
points of the exceptional lines at (kx, ky) = (±0.94,±0.41);
(e) GBZ for M point (ky, kz) = (0.6, 0.29) in which the black
dots are numerical results; red lines connect these numerical
dots to show the GBZ more clearly; the blue curve is a unit
circle that intersect the GBZ at Q and Q′ points; (f) shows the
GBZ phase diagram in which the red lines are the exceptional
lines; the dashed blue lines are the exceptional lines of the
unit-circle BZ phase diagram.
unit-circle BZ phase diagram as blue dashed lines. We
find that the two exceptional lines totally overlap and the
two phase diagrams are exactly the same.
Finally, we explain the reasons why the two phase dia-
grams are identical. Both the two exceptional lines are
determined by the gap-closing condition of the charac-
teristic equation Eq. (11). To obtain the exceptional
lines in the GBZ phase diagram, we apply the constraint
|βx2| = |βx3|. Then the characteristic equation Eq. (11)
with E = 0 gives rise to |βx2| = |βx3| = 1, which is
independent of ky and kz. This explains why the two
phase diagrams are exactly the same. To understand
why we have |βx2| = |βx3| = 1 even if kz 6= 0 and the
bulk-boundary correspondence is broken, we choose the
M point (0.6, 0.29) in Fig. 5(f) on the exceptional line
as an example. To get the GBZ of M point, we fix
ky = 0.6, kz = 0.29 and calculate the OBC spectra from
the real-space Hamiltonian in Appendix (C3). Substi-
tuting the spectra into the characteristic equation Eq.
(11), the continuum bands condition |βx2| = |βx3| leads
to the GBZ shown as black dots in Fig. 5(e). The red
lines connect these black dots to present the GBZ more
clearly. The GBZ is not a unit circle as we expect. On the
other hand, when we use gap-closing condition E = 0 and
the continuum band condition |βx2| = |βx3| to solve the
characteristic equation, we have β1 = 0.49 + i0.22, β2 =
0.38 + i0.93, β3 = 0.97 − i0.25, β4 = 0.40 − i1.80 and
|β1| = 0.54, |β2| = |β3| = 1, |β4| = 1.84. β2 and β3 are
plotted in Fig. 5(e) as Q and Q′ points, which are ex-
actly the crossing points of the GBZ and the unit circle.
It means that although the GBZ of M point is not a
unit circle, it crosses the unit circle at Q and Q′ points,
which correspond to the eigenenergy E = 0 in the OBC
spectrum. This example suggests that it is necessary to
introduce GBZ to characterize the bulk-boundary cor-
respondence. Because even if the unit-circle BZ phase
diagram is the same as GBZ phase diagram, the bulk-
boundary correspondence is broken for kz 6= 0, which can
be clearly shown by the deviation from unit circles of
GBZs.
VI. SUMMARY AND DISCUSSIONS
In summary, we study a non-Hermitian exceptional
line semimetal model with open boundary in z, y, and
x directions separately. In each case, we calculate the
parameter region corresponding to the breakdown of the
bulk-boundary correspondence. The GBZs and the dis-
crepancy between PBC and OBC spectra present the
breakdown of the bulk-boundary correspondence.
We demonstrate that in all considered cases, the nu-
merical method and analytic method result in the same
GBZs. The PBC spectrum calculated with GBZ is consis-
tent with the OBC spectrum. Namely, the introduction of
GBZ recovers the bulk-boundary correspondence in these
models. Both unit-circle BZ phase diagrams and GBZ
phase diagrams are plotted. The difference between the
unit-circle BZ phase diagrams and GBZ phase diagrams
highlights the significance of GBZ in characterizing the
bulk-boundary correspondence of non-Hermitian models.
As is shown in this article, the aforementioned methods
to calculate GBZs work well when we open boundary in
one direction. However, a systematic method to calculate
the GBZs of non-Hermitian models with open boundary
in two or more directions hasn’t yet been proposed up
to now. In future, we hope to find a generalized method
to calculate GBZ and define topological invariants for
non-Hermitian models with open boundaries in two and
more directions.
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Appendix A: Numerical Method to Calculate GBZ
For a given model with chiral symmetry, we first write it
as a Bloch Hamiltonian H(k), then we get H(β) through
the transformation eik → β. Next we solve the character-
istic equation det[H(β)− E] = 0. Supposing that there
are 2M degrees of freedom in this equation for given E,
we can get 2M solutions:
|β1| ≤ |β2| ≤ · · · ≤ |β2M |. (A1)
In principle, E and GBZ can be got through the condition
|βM | = |βM+1|81. We calculate OBC spectrum and get
eigenvalues Es for given parameters. Then we can substi-
tute Es into the characteristic equation det[H(β)−E] = 0
and get 2M solutions βs. GBZ Cβ is given by the
condition:|βM | = |βM+1|.
The definition of winding number is also put forward for
non-Hermitian systems: w = i2pi
∫
Cβ
Tr[q−1(β)dq], where
Cβ is the GBZ, and q is a submatrix of Q matrix
81. In
particular, for a two band model:
Hβ = R+(β)σ+ +R−(β)σ− =
(
0 R+(β)
R−(β) 0
)
, (A2)
the winding number is defined81 as
w = − 1
2pi
[argR+(β)− argR−(β)]Cβ
2
. (A3)
In this definition, the winding number is ω =
(ω+ − ω−)/2 with ω+ = −[argR+(β)]Cβ/(2pi), ω− =
−[argR−(β)]Cβ/(2pi). The solutions of the characteristic
equation βs form the GBZ, which is a closed curve Cβ .
R+(β) and R−(β) map β to two closed curves, having
winding numbers ω+ and ω− separately.
Appendix B: Analytic Method to Calculate GBZ
Ref.82 makes use of the mathematical tool resultant to
get so-called auxiliary generalized Brillouin zone (aGBZ).
GBZ can be extracted from aGBZs. Let’s consider a model
with characteristic equation f(β,E) = 0. Supposing that
the highest order of the poles of the characteristic equation
is p, the condition for GBZ is |βp| = |βp+1|. But the direct
application of this condition is intractabe. Thus, we relax
the condition to be |βj | = |βj+1|, so the requirement for
GBZ becomes f(β,E) = f(βeiθ, E) = 0.
Obviously, there are 5 variables βx, βy, Ex, Ey, θ (βx
represents Reβ while βy represents Imβ; Ex represents
ReE while βy represents Imβ). We know that the Bril-
louin zone is an equation that contains only βx and βy,
thus we need eliminate Ex, Ey, θ. First we calculate the
resultant Rf,f
θ
(β) to eliminate E, which is the resultant
between f(β,E) and fθ(β,E). To eliminate θ, we need
to calculate the resultant (we denote it as Fα(βx, βy))
between the real part and imaginary part of Rf,f
θ
(β).
Finally, the algebraic equation
Fα(βx, βy) = 0. (B1)
gives aGBZs, and we can then apply the condition |βp| =
|βp+1| to get real GBZs. It is noteworthy that this method
can give the analytic expression for GBZs, so we needn’t
consider the lattice size or suffer from numerical errors.
Appendix C: The OBC Real-space Hamiltonians
The model with OBC in z direction: under the basis
Ψ = (CA1, CB1, CA2, CB2, CA3, CB3, · · · )T where C†Ai cre-
ates an electron on the A site of ith unit cell in z direction,
the real-space Hamiltonian in matrix form is:
0 f0 + ifx + fy 0 · · ·
f0 + ifx − fy 0 1 · · ·
0 1 0 · · ·
· · · · · · · · · . . .
 , (C1)
where f0 = cos kx+cos ky−m, fx = 12 sin ky, fy = 12 sin kx,
and m = 218 .
The model with OBC in y direction: under the basis
Ψ = (CA1, CB1, CA2, CB2, CA3, · · · )T where C†Ai creates
an electron on the A site of ith unit cell in y direction,
the corresponding Hamiltonian in real space is:
0 q1y + q2y 0 · · ·
q1y − q2y 0 12 + 14 · · ·
0 12 − 14 0 · · ·
· · · · · · · · · . . .
 , (C2)
where q1y = cos kx+cos kz−m, q2y = −i sin kz + 12 sin kx,
and m = 218 .
The model with OBC in x direction: with the basis
Ψ = (CA1, CB1, CA2, CB2, CA3, · · · )T where C†Ai creates
an electron on the A site of ith unit cell in x direction,
the corresponding real-space Hamiltonian in matrix form
is: 
0 q1x + q2x 0
1
2 − i4 · · ·
q1x − q2x 0 12 + i4 0 · · ·
0 12 +
i
4 0 q1x + q2x · · ·
1
2 − i4 0 q1x − q2x 0 · · ·
· · · · · · · · · · · · . . .
 ,
(C3)
9where q1x = cos kz−m+cos ky + i2 sin ky, q2x = −i sin kz, and m = 218 .
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